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Classical to Quantum

Topological Insulator

Topological insulator : Quantum Spin Hall state
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@ The next generation

Spin-orbit coupling in some materials leads to the formation of surface states th:
scattering. Theory and experiments have found an important new family of such
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Quantum effects !
No classical correspondent !

Think different
Following the QHE



Classical to Quantum

so-called Topological Insulator

Topological insulator : Quantum Spin Hall state

Need to undestand !

Kramers

Time Reversal
degeneracy

Let me explain !

Spin Hall conductance is not quantized

Spin is not conserved (spin-orbit)



Classical to Quantum

Time-Reversal (TR) symmetry & Kramers degeneracy

TR: Anti-Unitary © : ¢; = ?T — C? — Je;
R A R
H = CZ,'L Hij C; & complex conjugate

J:iay:{_ol (1)}

IR invariance
O, H =0|=—0 JH* ] ' = H {H},; = H;;
J—T

()-8 o) (E ) ()
‘)

t A t : Spin independent hopping

: : /\ : Spin-orbit, Rashba term, etc.
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Time-Reversal (TR) symmetry & Kramers degeneracy
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H = C; Hij C; & complex conjugate "
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IR invariance
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0 —1 . d* —c ([ a b
1 O -\ =b* a* -\ ¢ d
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H
H = _ _A* _ & hermiﬁcify AT = A" > E = —A

anti-symmetric
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Time-Reversal (TR) symmetry & Kramers degeneracy

Schrédinger Equation
t A u U
ATt v | N v

|

tu+ Av = Eu ><

—A*u+t v = Ev

tv* + A(—

— A"+t (—u")

u") = Ev”

= B(-u")
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Classical to Quantum

Time-Reversal (TR) symmetry & Kramers degeneracy

Schrédinger Equation
t A u u
A ¢ ||w|TF| | |Kramers degeneracy
¢ Any one particle state is doubly degenerate

tu + Av = Eu >< tv* + A(—u*) = Ev*
—A*u+t"v = Ev —A*v* +t*(—u*) = E(—u*)
Ah |

* * *
H [ o ] — 19 [ o ] N is also an eigen state with the same energy
/

—> [ oo ] ~ [ - ] &{ . } : the same energy, degenerate ¢
OK'! ly different !
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Classical to Quantum

Time Reversal & Quaternions
F.J.Dyson ‘61-

Quaternion

complex number

Ceal mmbeDR

No magic, neither crazy

just Pauli matrices

— —

Hamilton FHITEFE B OE

= (Ret)Is + (Imt) io, + (ReA)io, + (ImA) i0,

= (Ret) 1 + (Imt)ig + (ReA) ju + (ImA) kg
: Quaternion (FUIT#Y)

iH = Z.O-ZM .]H = io_ya kH = io_z

i5 = ki = ki = igjmkn = —1

Quaternion 2%2 Matrix, Yang Monopole & quantization: YH, NJP12, 065004 (2010)



Classical to Quantum

Time-Reversal, Spins & Spinors

spin S - spinor
S = (Sy)cTSc,S = =, c = (CT>

g 2 Cl
056~ = 'S% OcO !t = Jc
S° =Js*J-!
2 =(G o) (o) (V)= BV 9 )--
2 =(G) (0 ) (1) S )
o = (% o) (o &) (Y 3 )=(% ST )=
S° =-8

Magnetic field
[B .S = —B- S] Zeeman term breaks TR




Classical to Quantum

Rotation: Spin & Spinor

n
; spinor ,
'j@) (C,T)U(e)(CT) U c SU(2)
i o T 6
U) =e ™ =cos = —in-osin 5
det U = e—i(Tr S)-no _ 60 — 1

S, Sy

S, | =USU" = Sy

s’ S,

S’ . hermite ¥ S’ =Tr SUTU — 0

| Expand by Pauli matrices with real coefficients
TrS,Ss = TrS.S5 = 55045

TI'S&S/B _— Qaa’QﬁB’TrSa’SB’ QQ — E3 Q E SO(S)
1 1 ~ .
_ 5@@@@ _ §(QQ)a5 continiously connected to E3



Classical to Quantum

Rotation: Spin & Spmor
} S’ spin

0,
2(1)
(0)  UO) = =cosg
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Rotation: Spin & Spmor
} S’ spin ( 55 )
S/ | =USU’
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spinor ,
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C| 2 2

Spin goes Q0+ 2m) = + Q(H)
back by 2T rotation
Spinor does not go 4 U(0+2r) = -U(0)
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Classical to Quantum

Rotation: Spin & Spmor
'D S’ spin ( 55 )
S/ | =USU’

J
S,
spinor ,
v, Co
¢ , =U(0
o) () =vel
C _ ,—i1Snb _ Yoo .Y
( ;! > U) =e cos g —in - osin
Spin goes Q0 +2m) = + Q(0)

back by 2T rotation
Spinor does not go 4 U(0+2r) = -U(0)

\ v 4m is always OK :

\ continuously deformed
H. Weyl [ to O rotation c.f. 2D

Penrose-Rindler 0.067
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( Dirac scissors

& Spmor

Oz
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Purely quantum mechanical !




