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Plan of talk today
¢ (Part of ) Target Phenomena

¢ Topological Aspect of QHE

¢ Topological Aspect of Superconductors

® Dirac Monopoles and Topological Numbers ( Simple case)

® Generic Consideration: Non-Abelian Gauge Structures

® Zero Bias Conductance Peak and local Time Reversal Symmetry Breaking
(Peierls Instability of edge states)

¢ Topological Aspects of Carbon Nano-Structures

® Topological Consideration of Zero Modes Edge states

® [ ocalized Spin moments: generalized Kondo Problem

® | ocalized Spin Moments as a Local Chiral Symmetry Breaking
(Peierls Instability of edge states)




Zero Bias Conductance Peak
INn Anisotropic Superconductivity

Zero Energy Boundary States
of Anisotropic Superconductivity

Tanaka- Kashi waya

L. J. Buchholtz,G. Zwicknagl, Phys. Rev. B 23, 5788 (1981) (p wave )

C.-R. Hu, Phys. Rev. Lett. 72, 1526 (1994) (d wave )

S. Kashiwaya, Y. Tanaka, Phys. Rev. Lett. 72, 1526 (1994)

M. Matsumoto and H. Shiba, JPSJ, 1703 (1995)

(fig.) M. Aprili, E. Badica, and L. H. Greene,Phys. Rev. Lett. 83, 4630 (1999)




Localized Boundary State in Carbon Sheet (1)

Tight-binding Model Calculation

“ Peculiar Localized State at Zigzag Graphite Edge “ M. Fujita, K. Wakabayashi, K. Nakada
and K. Kusakabe, JPSJ 65, 1920 (1996)

cnt-fulita — n_




Localized Boundary State in Carbon Sheet (2)

Local Spin Density Functional Appr. Calculation

“Magnetic Ordering in Hexagonally Bonded Sheets with First-Row Elements”,
Okada, Oshiyama, Phys. Rev. Lett. 87, 146803 (2001)

cnt-ashivama _ n_




Appearance of Topological Order in Condensed
(X.G.Wen)
¢ Quantum Hall Effects ( Integer & Fractional )
® Energy Gap and Quatization of Hall Conductance
® Topological Characterization of Hall Conductance
® Bulk <+ Edge
® |Integer < Fractional : Composite Fermion Picture
O Spin Chain with Integral Spin
® Energy Gap with Topological Origin
® Kennedy Triplet with finite Length Spin Chains ( Edge States )
O Polyacetylene :( SSH Model)
O High-T¢, Chiral Spin State, Anyon-Superconductivity, Fractionalization
0 Chirality Order in Itinerant Magnetism
‘ Polarization of Insulators, KSV formula
¢ Anisotropic Superconductivity & Superfluidity
® | Dirac Monopoles and Topological Origin of Zero Bias Peaks
Q Carbon Nano-Structures
® | Various Shape of Edges and Localized Zero Modes

M atter

fono-asn _n_




Hofstadter’s Butterfly and
the Topological Integers

Energy spectrum of the square lattice (2D) with magnetic field ¢ per
plaquette
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¢ Diagram is self similar :Fractal

¢ Integer = Topological integer = Laughlin’s unkown n
- Hall conductance in unit £ when the Fermi enerqy is at the gap. T




Topological Aspect of the Quantum Hall Effect
Bulk — Edge SIales ( Explicite observable )

(Almost always) with topological ordered states

Laughlin’s unkown interger n has several topological expressions.
O ozy as a topological Invariant by bulk states

® Chern number, C . TKNN’82, PRL 49, 405
Total vorticity of the relative phase of the Bloch function

on the Brillouin zone.

Q ozy as a topological Invariant by edge states

® |ntersection number, ] Y.H.’93, PRB48, 11853, PRL 71, 3697
Intersectin number of the zero of the Bloch function (Edge States)

on the complex energy surface with a closed loop ( an energy band ).
¢ The above 2 Different Topological Integers are Equal.
C=1

Q Bulk and Edge descriptions are equivalent.

tona-known — n_




TKNN Formula ( Chern number )
(TKNN'82, PRL 49, 405)

2 J
. bulk € -
ok, = ——C, C=> c
(=0
1 S Rl
0.0) @n0) Cy — — d Sk . B
271 Tor =
\ > 3 1
(} ) B = rot, A
AL = (@ Vi)
Wy
)t k)) = : :Bloch function of the loweset ¢-th band. (3"¢_. [Ux]* =1).
. k=1
‘I,q

¢ T\sz. (Magnetic) Brilluine zone: topologically Torus

¢ — No boundary — C' = 0 by the Stokes Theorem ?
¢ No! Look for singularities!

tknn _n_




Chern number and Vortex (kohmoto 85, Hatsugai '93)

H (k)| (k) = € (k) [t (k)), (b*(k)|y*(k)) =1

¢ Phase of |)¢(k)) is arbitrary for each & ] :E
¢ — Gauge Freedom for A = (| V1))
Y (k) = eéam gt (k)) B Bb4 = ghE
AbA = Ve + AbB & =y
The Chern number is invariant

¢ Gauge fixing to calculate C

® Need to take different gauge then, say, 1/, to be real positive!

® Take, say, 1, to be real positive! It fails when ¢, = 0 ! ‘ @

¢ Patch work of the 7,5, to calculate C
jﬁﬂ{}gg{ = ZUNZ

Z = UpRm, NZ=Typz\Z

where R, include a zero of ¢, (k).

Pat ch work of the BZ

=

-
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Chern number and Vortex (Cont.)

[P) 7 = |ple B AT = Z(y| V)T =(y| V) — iVIm log|¢)1 ¥ € Z
|¢>NZ :|¢>e—ilm 10g|¢>q7 ANZ :NZ<?7D‘V¢>NZ <¢]V¢> _ iVIm 10g‘¢>q w cNZ.

This is well-defined since |¢/)1 IS non zero in Z and [¢), IS non zero in N Z.

_ W, -
|l_|J1| |L|Jq| & = Arg m Applylng the Stokes theorem
(0,2m) . Y1 (2w32m | Ineach region,
1azeaas Y N 1 =
co = — [ dSy - roty AZ
21 ) 5
1 S
+— dS’k . I‘Otk .ANZ
2T Ny
1 — —
= — ¢ dr- (A7 - AVY)
27'(-7/ YA

1 o
——Zm:%é]%mdr-v(k)

v(k) = VIm log Izil

The Chern number ¢, is given
by the total vorticity.

>

(2173,0)
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Chern nui

)2 = |ipye
)V Z =|yppe

This is well-defined|
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Applying the Stokes theorem

in each region,
1 0
co = : dS; - roti A
21 )
1 S
+ dSy - roty AN Z
2T Ny

_ ! dr - (A7 — AN7)

- 27'(-7/ o7

:—z}lf dr - 5(E)
- 27 ORm

v(k) = VIm log %

The Chern number ¢, is given
by the total vorticity.
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Apply It to the Superconductivity




Bogoliuvov-de Gennes Hamiltonian ( simple case)

H{c;, cj}] =D i tfjc;ro,cja wy . cwcw +2 i < ij zT Jl + A%, CJlCZT>

‘\/I*
Cit t:. AN
— ZU ;rhz]cj + const. c; = ZT , hy = zi jf

¢ Bilinear in Fermion operators {d7 } after the unitary transfomation

dl p— CTl 7

1 {/

dT — CT
{ Z Z H[{di,d;f}] — H[{CiaC;‘r}]

¢ Analogue of the QHE with flux ¢ = %
¢ Topological Argument is applied

¢ Hall conductance o, in {d7}
« Spin Hall conductance 0", in {7}

BAG _n ]




Possible Order Parameters

HPC =3 1%dl cjo — n 3, clycio + 30 | Asgclicl | + Afjejici
1] 1]
Y (Aijeliel, + Afejiein)
1]
_ A (CITCL + c;'lc;r.T) + h.c. Parity Even: (Singlet) A;; = Aj;
=7 (chiel, =l cl) + he  Parity Odd: (Triplet) Ay = —Aj,
Singlet: + +
s-Wwave + dy2_,2 - = dy2_2 + iday - [T -
+ Laughlin +

T-breaking

\
\

\
\

NN
S\
N\
A\
\

Uniform gap on the Fermi line

4 Dirac Nodes

Gap openning

arder-d _n 1



cont.—

ble Order Parameters —

Possl

Triplet:

Chiral p wave 1 Dirac Node at zone boundary

with chemical potential 1

Gap Openning

arder-n_n 1

Gap Openning Again

One Dirac Node at zone corner




Chern Number In the Superconductivity

HB9C = ;cT(k)h(k)C(k), cl(k) = (c](k), ¢, (k)

ney - [ €0 AR (k) = ;e it (j)
A*(k) —e(=k) | Ak)=3; e RTiAx)
The Chern number C' for the negative energy state |k), h(k)|k) = —E(k)|k),

1
271 T2
Bk; — I‘Otk Ak;

Ay = (k|Vi|k)

¢ The spin Hall conductance o™ = —%C
¢ C'is atopological integer — stable against small perturbation

To change C, the energy gap has to collapse

¢ — Use it to characterize the superconducting state!
Characterization by the topological order




Chern Number and the Winding Number

O —

Nwinding

o Nwinding
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Berry’s parametrization in the Superconductivity
Y. Hatsugai and S. Ryu, PRB 65, 212510 (2002)

h(k) ( e(k)  A(k) >R<k).a

A*(k) —e(k)
R(k) = (Ru(k),Ry(k), R.(k)) = (Re A(k), —Tm A(k), (k)
o = (0g,04,0,) : Pauli matrices

M. V. Berry 1983
¢ Map fromkto Ras R = R(k).

h(R)R). = Ei(R)|R)x, Ei(R)=+R (==*|R|)

1 R.— R sing
‘R> — — |
\/ZR(R —R.) \ R,+ iR, e'? cos g

|[R) = |R)_ is the negative energy state and (R, 6, ¢) is the polar coordinate.




Chern Number and the Covering Number

By the Gauss” Theorem

C = —/ dV 5R(R) — _Ncovering
R(T?)

Ncovering — N(R(T)7 O)

How many times the surface R(72) wraps around the origin O

— New Diffrent but equivalent topological Expression for the Chern number !




R(T?) for d,2_,2 + id,, case

R = R(k) = (Re A(k), —Im A(k), e(k))

A(k)

20—y, (oS ky — cosky) + 2iA 4y (cos(ks + ky) — cos(ky — ky))

,,,,,,

dosurface —n 2




R(T?) for d,2_,2 + id,, case

R = R(k) = (Re A(k), —Im A(k), e(k))

A(k)

)

Yy

— k

) — cos(kx

+ ky

ko

(

205, —y, (COsky — cosky) + 2iA 4y (cos

sirface . n 2




It’s doubly covered !
R(T?) for d,2_,2 + id,, case

R =R(k) = (ReA(k),—Im A(k),e(k))
A(k) =204, —y,(cosky — cosky) + 20Dy (cos(kz + ky) — cos(ks — ky))

dosurface —n 2




Chiral p case

R =R(k)=(ReA(k), - Im A(k), e(k))
A(k) = 2iA;(sin kg 4+ isinky)

\
%

I 1 N
‘Wi/’«\‘“" W

T e,
" N

()
g
'M?’




- Self-Intersection !
Chiral p case |nsideand Outsi de of the surface | Nterchange !
R = R(k) = (Re A(k), —Tm A(k), e(k))

A(k) = 2iAq (sin kg + isin ky) Always Orientable




- Self-Intersection !
Chiral p case |nsideand Outsi de of the surface | Nterchange !
R = R(k) = (Re A(k), —Tm A(k), e(k))

A(k) = 2iAq (sin kg + isin ky) Always Orientable




Topological Aspects of (Generic) Superconductors

Generalization for Generic Superconductors
Singlet and Triplet
Unitary order and Nonunitary order

Non-Abelican Gauge Structure
Abelian Chiral Anomaly

( Text Book Example)




Generic BdG Hamiltonian
H = Zz] t’LJ CIUCJU + Zzg V0102,0304 Cjal Cjag CjozCioy;

= H = Zzg twcwcjff + Zzg (AU403*CJU3C’iU4 + AalaQ 301 C;raz)

MG = VT e, 0i0,) = — AT
(a0 Al Al (e )
0 €k Allj Allgl Ck|
= Yk (chpchpseorremry)
A Al Al* e 0 ol
T IS
\ AT A 0 e J\ )
€r 1l A -
k= ’ : ‘ , A_p=-Ay
Ak _€k12
A wk’iO'y for Singlet, w—k: = ¢k, Ak; = —Ak
k — ~
(dk : O')iO'y for triplet, d_k = —dk;, Ak = Ak;

aeneric-suner.—n :




Particle-Hole Symmetery and Unitarity

C =

u u
E:| " )ls-E..c| "
Vi Vi
ALAT O
hi =€ + e ;
O AlA,
(
; Yes : Unitary :
ARAT 1574
’ +./2 + [Ax%: (Unitary)
Er =<

\

p. KK for singlet
—ipy K for triplet

(Ko = ¢*)

Singlet
Triplet with g, = 0
| No: Nonunitary : Triplet with q; # 0

| ALAL = A1,

Quasiparticles are doubly degenerated in unitay order!

++/€2 + |dg|? + g : (Nonunitary)

(o qp)usr =+ grux,

(real)

. AkA;rC = ’dk’212 + O - q;

qdr. = |Qk|




Chern

Numbers for Unitary states

Degeneracy

= Fixing the phases is not enough to define Chern numbers.

Define Non-Abelian Berry’s connection (Wilczek-Zee)

ko) =la), a=1,--- M
Af‘ﬁ =(|0;|3), AP — A?ﬁdk@-, 0; = Ok,,1 = x,Y, 2

(A)" = A

1
F=dA+ AN A = aFijdki A dkj, Fz’j — aiAj — aj44’i + [A’ivAj]

Base change of the degenerate states induces the followings

o) — |@) =|a)w®®, w : unitary
A =w' Aw + w'dw
F =w'Fuw

Tr F =Tr F < Independent of the bases




Chern Numbers for Unitary states (Cont.)

Further the following quantity is an integer

The fi rst Chern number ( Chiral Anomalyj

Integers!

(k) = /T dkodk, B.

271

B,=TrF,.,B,=TrF., B, =TrF,,

T2

zy (yz,2x)

: 2D Brillouin zone fixed by k. (, )




Dirac Monopoles for Unitary States (Basis)

Ay =|AL|AY, AL Unitary

= Eigenvalues are pure phases: A} |a), = e *~|a),, (a = 1,2)

1 A, |AY u
BdG equation : o2 Al A - =F}
ALIARD) ™ —exls v v
A Uu U
N €. |Ak 1 ; _ B O
|Ag|  —ex , Apv A v

Ey = £Ry = £./€2 + |Ag|?> |:doubly degenerate by 1,

Orthonormal states (o« = 1, 2 ) for the negative energy band

.0
B uU_ —sin 5|a), B
p— p— — R g
‘¢a> ( v ) ( elPa COS%’&>J ) ‘ a>P® ‘O‘>

with e, = Rcosf, |Ag| = Rsin6




Dirac Monopoles for Unitary States (Connection)

AT =3 10:105) = (REI0H RS (]B)s + {aldi] B
=AF(p)6as + A% (0), (2 contributions)
(A7 ()" =A7"(p) = (RE|0;|RT),
(A;(0))*P =A2%(0) = (a|8i]B)s = (UTOU)ag, U = (|1)0, |2))

BF =B(p) + Bi(o) = BX(p)

Contiribution from o space vanishes due to the “Sum rule” :
BZ(O') = eijkTrc?j(U_lc’?kU) = —Gijk;TI‘ (U_lc’?JU)(U_lc’?kU) — 0




Dirac Monopoles for Unitary States

—L — L + ao + ao
C.h) =55 | B =y, dhedhy 200 (A7 ()" 0,(AZ()*

20321(]{2) T 0,3:2(1%)
:N,g:l(kZ) T N§:2<k2>

Sum of Two Covering Degrees around the Dirac Monopole at the Origin

1to 2 mapsince A is2 x 2.




Edge State and Zero Modes

1. Zero Bias Conductance Peak

2. Boundary Magnetism of the Carbon Nanotubes

edae_zorg —n -




Zero Energy Edge Statesin Various Physical Systems

_,2-Wave )

T2

¢ Anisotropic Superconductivity ( d

oy-d_n 7=




Zero Energy Edge Statesin Various Physical Systems

¢ Anisotropic Superconductivity ( d,2_,2-wave )

(@)

(b)

Zero Energy Edge States !

No Edge States !

oy-d_n 7=




Zero Energy Edge States: cont.
¢ Graphite Ribbons ( zigzag, bearded, and armchair edges )

3

///I; /
zigzag o '
L /

fa— A \\

(b)

gy
o kN

I w N =

o B N W

Energy

bearded

| | |
| w N [
N

()

3
2
1
armchalir c 0
1
2
3




Zero Energy Edge States: cont.
¢ Graphite Ribbons ( zigzag, bearded, and armchair edges )

3
(a) N
//,
1 &€
> =
. =y
Z158285 20
Ll £
-1 &
-2 ) N
-3

“n—2m3 0 2m3 n

Zero Energy Edge States !

(b) =
y
bearded Zero Energy Edge States !
(c)
y
armchair

No Edge States !




When and Why the Zero Energy Edge States Ap-
pear ?

Accidental ?

No !
4
Topological Origin!

¢ Bulk-Edge Correspondence
¢ Particle Hole Symmetry
¢ Topological Stability

S. Ryu and Y. Hatsugai, Phys. Rev. Lett. 89, 077002-1-4 (2002)




Particle Hole Symmetric System

Hamiltonian (in 1D)
H=> clhymcuy, (howr =, )

x,x’

Cz1 . ta:,x’ Aw,:c’
C, = :spinor,  hgy = /
Ce| Aaz,w’ _tﬂfaxl

Bulk Hamiltonian ( with Translation Symmetry )

A
Fbulk Zk Ckhkck — Zk Ck Sk " C;
AL =&k

E(k) = £/ + |Ag)?




Berry’s parametrization

hi = (&1 A’“) — R(k)-o o : Pauli matrices
Ay =&k
R(k) = (Re Ay, —Im Ay, &)
¢ Map fromkto Ras R = R(k).

¢ n1D, ke S' (k:0— 27),so R forms a loop ¢
® This map is one to one

A loop Iin R space characterize the hamiltonian

Hok g BT

¢ The system with edges is also constructed by cutting all the matrix
elements between the sites 1 and NV in real space.
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When the Zero Mode Edge States Exist ?
( Sufficient Condition )

|. The loop ¢ 1s on the plane cutting the origin O.

I1. The loop ¢ is continuously deformed to the circle whose
. originisat O without passing through O
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Check for the Anisotropic Superconductivity ( d,z_,2-wave)

¢ (110) surface: the unit cells, loops, and the dispersion

Theorigin O isaways inside the loop.




Check for the Anisotropic Superconductivity : cont.

¢ (100) surface: the unit cells, loops, and the dispersion

Theorigin O Is never inside the loop except at £, = -
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Check for the Graphite Ribbons

¢ Zigzag edge : the unit cells, loops, and the dispersion
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Theorigin O isinside the loop when |k,| > 27/3.




Check for the Graphite Ribbons: cont.

¢ Bearded edge : the unit cells, loops, and the dispersion
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Theorigin O isinside the loop when |k, | < 27/3.
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Check for the Graphite Ribbons: cont.

¢ Armchair edges : the unit cells, loops, and the dispersion
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Theorigin O is aways outside the loop.

checlk-a_c _n /




Bounary Effectsin Anisotropic Superconductivity

® | ocal (Boundaray) Time Reversal Symmetry Breaking
In d,2_,2-wave Superconductivity
As a Pelerls Instability of Flat Band Systems

with +s with +7s

S. Ryu and Y.H. to appear in Physica (2003)




Bounary Effectsin Carbon Nanotubes

¢ Dimerization Instability by Lattice deformation (Zero mode edge states
are protected by the chiral symmetry for a s

Small dimerization . 1€
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Bulk property changed

: _ _ — Nno edge states!
¢ Local Spin Moments in the Zig-Zag edges

As a Pelerls Instability of Flat Band System
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Topological Order
ISNOT merely
FANCY
but
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